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A B S T R A C T   
Pipeline structural analysis is a well-developed topic in engineering and research practice. Since water, oil or gas 
pipeline systems are a key part of modern development, therefore, it is important to ensure an appropriate 
behavior under seismic action. In this paper, the seismic response of buried pipelines is numerically simulated 
using a three-dimensional (3D) parametric model of soil-pipeline interaction. The role of several parameters on 
both soil and pipeline are incorporated into a 2D-1D space separated representation based on the Proper 
Generalized Decomposition (PGD) framework, which allows addressing 3D parametric problems while reducing 
the computational complexity of 1D and 2D characteristic problems. These results can be used for design, safety 
evaluation and protection of buried pipelines crossing seismic area and can be calculated in real time from the 
parametric solution of the associated problem within the PGD framework.   
1. Introduction 
Strong ground shaking is the most damaging earthquake hazard. It is 
a result of rapid ground acceleration due to the seismic waves passing, 
and vary from quite gentle in small earthquakes to incredibly violent in 
large earthquakes. Seismic response analysis has been extensively 
studied in buildings, roads, and other structures above ground. How-
ever, the seismic behavior is entirely different in underground structures 
as pipeline systems, therefore, structural or geotechnical failures are 
causes of uncertainty and extensive investigations have been carried out 
to reveal this problem. 
Pipeline, often referred as lifeline systems, carry essential services to 
the functioning and support of day-to-day life, such as energy systems, 
water treatment, transportation and information systems, which re-
quires continues services even after damaging earthquakes. City un-
derground pipeline systems around the world have been suffered 
severely damages in recent earthquakes, such as Loma Prieta (USA, 
1989) [15], Northridge of California (USA, 1994) [29], Kobe (Japan, 
1995) [28], Kocaeli (Turkey, 1999) [1] and Ji-Ji earthquake (Taiwan, 
1999) [8] are the most famous examples of lifeline failures, that mainly 
affected the water and gas systems where not only normal usage func-
tions were damaged, but also derivative calamities were brought. 
These systems are greatly affected by three major causes, including 
ground conditions, seismic intensity and lifeline features [2]. The 
soil-pipeline interaction problem is generally analyzed as two dimen-
sional (2D) numerical calculation, although the system is clearly three 
dimensional (3D). Two dimensional assumption could be very different 
from the observed values at the site, therefore, it is necessary to develop 
3D numerical calculation, which is closer to the real problem and more 
suitable for engineering design. A perfect characterization of the seismic 
response of buried pipeline, must consider a 3D dynamic analysis of the 
soil-pipeline interaction under multipoint earthquake excitation and 
investigate the effect of important parameters related to the soil, pipe-
line and input motion. 
Three dimensional (3D) parametric solutions seem mandatory in 
many cases, however, this model severely increase modeling complexity 
and computational cost in terms of the enormous number of degrees of 
freedom. The separated representation within the Proper Generalized 
Decomposition (PGD) framework seems to be a valuable route for alle-
viating such problem [9–11,24]. 
In this research, the role of several parameters on both the pipeline 
and soil are extensively studied based on the PGD framework. A possi-
bility for circumventing the issues related to the large numbers of de-
grees of freedom of fully 3D mesh-based discretization, consists in 
reducing the model complexity making use of an in-plane-out-of-plane 
separated representation, that allows considering the solution of high- 
resolution 3D models at the cost of usual 2D solutions. This decompo-
sition for solving 3D problems can be perfertly applied to shell, plate or 
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extruded domains [4,6,7,19]. 
The mechanical behavior of the buried pipeline will be described 
considering the nonlinearity aspects of soil, in which an efficient 
nonlinear solver is proposed. These results are intended to guide and 
define the buried pipe networks towards more optimal design for the 
pipeline performance and its mechanical reliability. 
2. Elasto-dynamic problem. In-plane-out-of-plane separated 
representation 
In what follows, the construction of the separated representation 
within the PGD framework is described. We consider the in-plane-out- 
of-plane decomposition which allows to address 3D problems while 
reducing the computational complexity of 1D and 2D characteristic 
problems. 
According to the PGD framework, the displacement field for a fully 
three dimensional solution u(x, y, z, t) can be written using a separated 
representation as, 
u(x, y, z, t) =
⎛
⎝
u(x, y, z, t)
v(x, y, z, t)






































⎠, (1)  
where (x, y, z, t) ∈ I, with I = Ωx × Ωy × Ωz × Ωt. The above equation 
can be expressed in a more compact form 
u(x, y, z, t) ≈
∑M
i=1
Xi(x) ∘ Yi(y) ∘ Zi(z) ∘ Ti(t), (2)  
where “∘” stands for Hadamard (component wise) product. 
Solving 3D models in degenerated domains, as shell/plate geometry, 
in which one dimension is very small in comparison with the others, are 
abundantly solved in many engineering applications. In such cases, the 
3D model can be separated using an in-plane-out-of-plane separated 
representation given by 
u(x, y, z, t) ≈
∑M
i=1
Xi(x, y) ∘ Zi(z) ∘ Ti(t), (3) 
with I = Ωxy × Ωz × Ωt, where (x, y) ∈ Ωxy⊂R2 and z ∈ Ωz = (0,L). 
Vectors Xi are the functions in-plane coordinates (x, y), Zi are the 
functions involving the z-coordinate (model length) and Ti are functions 
related to time (t). This formulation seems again the most appealing 
route for addressing 3D discretizations while keeping the computational 
complexity of 2D problems. Is important to know that the above func-
tions are not known a priori but are calculated by introducing the 
separated representation of the solution in the weak formulation of the 
problem resulting in a nonlinear problem. Which requires an iteration 
process in each enrichment step. 
Let’s consider a dynamic elasticity problem in I, the displacement 
field u(x, y, z, t) is governed by the following equation 
ρü=∇⋅σ. (4) 
By moving to the Fourier space, the problem involves the displace-
ment amplitude, that for the sake of notational simplicity continues 
being noted as u, with components (u, v,w), all them depending on the 
space (x, y, z) and the frequency (ω). 




u∗ρω2u dΩ = −
∫
Ω
ε∗D ε dΩ +
∫
Ω
u∗F dΩ, (5)  
with Ω = Ωxy × Ωz, where ρ is the density, ω is the frequency, F is the 
volumetric body forces in the frequency space and D is the linear elastic 
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(1 + ν)(1 − 2ν) (7) 
and 
μ= E
2(1 + ν), (8) 
are the Lame’s constants, E and ν are the Young modulus and the 
Poisson coefficient, respectively. Now, using the following definitions 






























































































the separated representation of (5), assuming the frequency as an 











Xk(x, y) ∘ Zk(z) ∘ Wk(ω), (10)  
with vectors Wk the functions related with the frequency (ω). 
Supposing that un− 1 to be known, the computation of the next 
functional product Xn(x,y), Zn(z) and Wn(ω) is given by 
un(x, y, z,ω)=un− 1(x, y, z,ω)+Xn(x, y) ∘ Zn(z) ∘ Wn(ω), (11) 
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u∗(x, y, z,ω)=X∗ ∘ Zn ∘ Wn +Xn ∘ Z∗ ∘ Wn +Xn ∘ Zn∘ W∗. (13) 
Finally, considering Eqs. (6), (9) and (10), the resulting weak form 
(5) reads now   
ε∗xλεz + ε∗yλεz + ε∗z θεz + γ∗xyμγxy + γ∗yzμγyz + γ∗xzμγxz
]
dΓ, (14)  
where θ = λ+ 2μ. Now, with (9) in its separated form and Eqs. (11) and 
(13) into (14) results a nonlinear problem. 
Simplest linearization strategy based on alternated directions of 
fixed-point iterations is applied, which proceed by assuming sequen-
tially that Zn,p− 1(z) and Wn,p− 1(ω) are known of the previous iteration, 
and proceed to compute Xn,p(x, y). With Xn,p(x, y) already known and 
Wn,p− 1(ω), is computed Zn,p(z). Finally, with Xn,p(x, y) as well as Zn,p(z)
known, Wn,p(z) can be obtained. The process is repeated in a suitable 
fixed-point iteration scheme, until reaching a state of convergence, 
where the results will be the new products Xn(x, y), Zn(z) and Wn(ω). 
The enrichment stop when the model residual become small enough. 
First, we assume Zn(z) and Wn(ω) to be known from the previous 
iteration, in this case the test function is u∗ = X∗(x,y) ∘ Zn(z) ∘ Wn(ω). 
Introducing the separated representation of the solution at iteration n 
(Eq. (11)), the test function into (14) and then integrating in Ωxy, the 
resulting 2D equation can be interpreted as the weak formulation in 
which the unknown function Xn(x, y) is obtained using any suitable 
discretization techniques. 
Second, with the new values of Xn(x, y) and Wn(ω) previously 
assumed, the test function is chosen equal to u∗ = Xn(x,
y) ∘ Z∗(z) ∘ Wn(ω). By introducing (11) and the test function into the 
weak formulation (14) and integrating in Ωz, we obtain the resulting 1D 
weighted residual form which can be solved by using any discretization 
techniques to obtain the unknown function Zn(z). 
Finally, with Xn(x, y) and Zn(z) already updated, the test function 
now reads u∗ = Xn(x,y) ∘ Zn(z) ∘ W∗(ω). With (11) and the test function 
into (14) and integrating over Ωω allows computing function Wn(ω) (see 
Refs. [10–12] for more details). 
3. Nonlinear seismic ground response analysis 
To evaluate the dynamic response of a soil and soil-pipe systems, soil 
properties such as shear modulus G and damping ratio ζ need to be 
known. These properties present nonlinear behavior regarding the strain 
level, even without reflect the possible development of permanent 
deformation. Soil stiffness is normally characterized by the small-strain 
shear modulus Gmax which degrades as the level of shear strain increases, 
and the dissipative soil behavior is characterized by the damping ratio ζ 
that grows with increasing the amplitude of shear strain [30]. According 
to these dependencies, the problem becomes highly nonlinear and an 
iteration method is required to reach a compatibility between the 
properties used in the analysis and the computed strain. 
In the case of simple harmonic excitation, damping is usually 
expressed by using a complex and frequency-dependent stiffness. The 
soil model can be represented by the constitutive relationship between 
the stress and strain from a Kelvin-Voigt (KV) three-dimensional model, 
as an extension of the well-known KV one-dimensional model [23]. 
Thus, the shear stress can be expressed as 
σ =Dε + Dε dε
dt
, (15) 
or in the frequency domain 
σ =(D+ iωD′ )ε, (16) 











⎣ ε∗xθεx + ε∗yλεx + ε∗z λεx + ε∗xλεy + ε∗yθεy + ε∗z λεy +
Fig. 1. Soil-pipeline model.  
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where tensor D is defined as dependence on the Elastic modulus E and 
the Poisson coefficient ν (Eq. (6)), and D′ involves the viscosity modulus 
η = 2Eζω . Now, taking into account the damping coefficient of soil, the 
Lame’s constants given in Eq. (7) (8) can be rewritten for soil as 
λs =(E+ i2Eζ)
νs
(1 + νs)(1 − 2νs)





= (1+ i2ζ)μs, (18)  
where λs and μs are the complex Lame’s constants of soil [3]. 
Lysmer and Kuhlemeyer [20] transmitting boundary condition is 
implemented with the aim to avoiding reflected waves from boundaries 
of finite domains. As a result, waves arriving at the boundary can be 
absorved by dashpots positioned normal and tangential (x-normal- and 
(y, z)-tangential- in the lateral surfaces, and z-normal- and (x, 
y)-tangential- in the frontal and posterior surfaces) to the boundary. 
These conditions are considered to absorb the plane waves, taking into 
account the three directions independently, by assigning equivalent 
dashpots on the boundary (see Fig. 3). These can be defined as stresses in 










where ρ is the density, cs the S-wave (shear wave) and cp the P-wave 
(compressional wave) speeds. 
Meanwhile, the seismic loading is applied at soil-bedrock from the 
rock outcropping motion time histories ÿ (assumed measurable), and a 
linear dashpot is localized at the base of the soil column acting in 
different directions of motion, as an absorbing boundary condition (see 
Refs. [13,16,25] for more details). Thus, the half-space (bedrock) is 
replaced with an equivalent shear stress time history 
τyx = c∗s ρbẏx − c∗s ρbiωu
σy = c∗pρbẏy − c∗pρbiωv
τyz = c∗s ρbẏz − c∗s ρbiωw
(21)  
where c∗s , c∗p and ρb are S-wave velocity, P-wave velocity and the density 
at bedrock, respectively. The first terms in the right hand member of the 
above equation correspond to the forces, F(t) = (Fx, Fy, Fz) acting in the 
different directions (x, y, z) and the second are dashpots to mimic the 
infinite half space at the bottom of the soil column. 
3.1. Equivalent linear approximation 
The equivalent linear approximation method [22] is implemented to 
address the nonlinear soil behavior. It has been used in several computer 
programs for site response analysis, as EERA [5], and SHAKE software 
[26] for one dimensional analysis and FLUSH [21], QUAD4 [14] and 
TLUSH [17] for two and three dimensional analysis. According to this 
approximation, the nonlinear soil response can be approximated by a 
linear analysis for which the shear modulus G and the damping ratio ζ 
are compatible with the effective shear strain amplitude [18]. 
As described in (9), the three dimensional strain tensor is given by 
ε= [ εx εy εz γxy γyz γxz ]T . (22) 
Soil behavior depends on all terms of this expression, directional and 
time variation. However, the constitutive laws of soil does not permit a 
completed characterization of the material. Thus, the equivalent linear 






(̃ 66 % of the peak strain). The above equation can be computed by 
two different procedures. First, obtaining the maximum strains, which 
requires to come back to the time domain to evaluate the maximum 
shear strain and from it the peak maximum. Second, approximate the 
maximum shear strain making use of the Root Mean Square (RMS) value 










, (25)  
where ÿ is input motion known as the rock outcropping motion 
(assumed measurable) and γ∗max is the maximum shear strain which can 
be obtained from the principal strains of (22) in terms of the strain 
complex amplitudes for each frequency. The RMS value of γ∗max and ÿ can 


















, (26)  
where Fs, s = 0, 1,…,N/2, are the complex Fourier amplitudes. Finally, 











This is reasonable since strains are essentially proportional to the 
input acceleration. The first procedure is the most effective, however, it 
Table 1 
Pipeline properties for different materials.  
Material Elastic modulus MPa Density (kg /m3)
Polyethylene (PE) 200–400 920–960 
PVC 3000 1370–1420 
Polypropylene (PP) 1200–1800 900 
Concrete 2e4 - 4e4 2300 
Steel 2.1e5 7800  
Fig. 3. Pipeline-soil model mesh and boundary condition.  
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is very expensive, since it requires numerous Fast Fourier Transforms 
and considerable computer time and storage, while the second proced-
ure is inexpensive and the difference between the two approaches is less 
than 15%. 
4. PGD-based parametric solutions 
This section describes the parametric solution within the PGD 
framework. The in-plane-out-of-plane decomposition detailed in section 
2 will be applied to the soil-pipeline model (Fig. 1), allowing consider 
the solution of high resolution 3D models at the cost of usual 2D solu-
tions. The model is assumed composed of T materials δi, i = 1,…,T , 
the ones related to the soil layers and the one related to the pipeline. 
Each material is identified from its characteristic function χi(α), i = 1,⋯,
T , defined as 
χi(α)=
{
1 if α ∈ δi
0 if α ∕∈ δi
, (28)  
where α are the nodes in the plane domain (x,y). Considering T = 2, 
with χ1 = χs and χ2 = χp, for soil and pipeline, respectively. The 



































λsχs + λsχs2iζs + λpχp
) ∂u







λsχs + λsχs2iζs + λpχp
) ∂u
∂x dΞ − …+
∫
∂Ξ
u∗ ⋅ (σn) d(∂Ξ), (29)  
where the boundary contribution (the last integral on ∂Ξ) involves ex-
pressions (19), (20) and (21), the last with unit components of the rock 
outcropping motion ẏ induced forces (first terms of the right had 
member of Eq. (21)), in order to obtain the parametric transfer function 
Fig. 4. Maximum stress (σx) versus pipeline elastic modulus and density considering different soil models.  
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Fig. 5. Maximum principal stress in transverse cross section for different PGA values and pipeline elastic modulus.  
Fig. 6. Maximum displacement u, v and w for different soil materials.  
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able to be particularized in real-time, to obtain real-time responses. 
Within the PGD-parametric setting, the extended domain reads Ξ =
Ωx × Ωy × Ωz × Ωω × ΩEs × Ωζs × ΩEp × Ωρp (with s and p the parameters 
related to the soil and pipeline) while its boundary ∂Ξ = ∂(Ωx × Ωy ×
Ωz)× Ωω × ΩEs × Ωζs × ΩEp × Ωρp . 
The PGD solution in the separated form is   
The PGD procedure for constructing the separated representation 
can be implemented as just described. In this case, the Proper General-
ized Decomposition is able to circumvent the so-called curse of dimen-
sionality in multi-dimensional spaces. 
5. Real-time data update 
As mentioned in Section 3.1, the nonlinear effects can be approxi-
mated by an equivalent linear analysis. The soil can be modeled as a 
function of the shear modulus reduction and an increase of damping 
ratio related with the effective of shear strain amplitude. Thus, the 
appropriate material curves given by Ref. [5] can be used iteratively to 
reach compatibility between the properties used in the analysis and the 
computed strain. Starting from initial small-strain values Gmax and ζ 
(assuming linear regime) and then solving the dynamic problem, the 
effective shear strain, from the peak maximum, can be computed. Once 
the values of shear modulus G and damping ratio ζ have been updated, 
the process is repeated by particularizing the PGD parametric solution 
for the new couple of values, until converge has occurred, which usually 
occurs within 3 or 5 iterations. 
The procedure is summarized below: 
1. Offline procedure: PGD calculation of a monolayer parametric solu-
tion, u(x,y,z,ω,Es,ζs,Ep,ρp).  
2. Online procedure: Real-time dynamics for soil-pipeline interaction 
behavior:  
1 Compute the Fourier transform of the input motion (in x, y, and z 
directions) given by (21), 
F(ω)=F (F(t)). (31)    
2 Initialize from the small-strain elastic modulus E0 and damping ratio 






. (32)    
3 Repeat the procedure until convergence:  
• The complex displacement amplitude for each frequency of the input 
motion is computed from the parametric solution 
u
(




, (33)   
• where m is the nonlinear iteration. Applying the principle of super-
position, the total response yields 
um(x, y, z,ω)=F(ω) ∘ u
(




. (34)    
• Calculate the 6 strains component in the frequency domain from the 
displacement amplitudes at each element, from theses solutions the 
principal strains can be determined. Then, the corresponding effec-










. (35)    
• From γeff (e) at each element, e = 1, …,Ne, with Ne being the total 
number of elements, the maximum effective strain can be obtained, i. 
e., γeff = max(γeff (e)).  
• Determine new strain values from the strain-dependent shear 
modulus and damping ratio curves [5] and then update the elastic 
modulus Em+1s = 2Gm+1(1 + ν);  














. (36)    
4 Generate all outputs applying the inverse Fourier Transform. 
6. Numerical example 
To illustrate the potentialities of the algorithm here proposed, a 
parametric pipeline-soil model is considered. The approach described, 
was used to calculate the parametric solution of Eq. (30), given by u(xy,z,
ω,Es, ζs, Ep, ρp). The parametric domain is defined by Ωxy = [0, 6]
2 mts, 
Ωz = [0, 20] mts, Ωω = 2π(0, 25)s− 1, ΩEs = (100,1000) MPa, Ωζs =
(0.001, 0.4), ΩEp = (200,2e5) MPa and Ωρp = (1000,7800) kg/m
3. The 
different domains were discretized by considering respectively 1388, 
500, 1024, 200, 200, 400 and 200 nodes. The Peak Ground Acceleration 
(PGA) is considered as a model parameter amax = [0.1, 0.8]g, which is 
used to scale the maximum value of the rock outcropping motion given 
in Fig. 2. 
The solution is obtained assuming the horizontal acceleration time 
history in the outcropping is known, which correspond to x and z di-
rections, vertical input motion (y direction) is assumed 2/3 the hori-
zontal input motion. The pipeline elastic modulus and density were 
taken considering the values in Table 1. It is considered a pipe with 1 mt 
diameter and 1% thickness, buried at a depth of 1 mt (see Fig. 3) and soil 
density ρs = 1900 kg/m3. 
6.1. Results 
Fig. 4 illustrates the maximum stress (σx) values versus the pipeline 
elastic modulus and density, taking into account different initial values 
of soil elastic modulus and material curves, these results are taken from 
the top (x-y axes) and in the middle (z axe) of the pipeline. As observed 
an increase in the pipeline elastic modulus leads to increase the 
maximum stress values but for the pipeline density the changes are not 
significant. Similarly, the behavior varies depending on the soil stiffness 
and soil material, increasing soil stiffness generally results in more stress 
on the pipe. 
The maximum principal stress in transverse cross section (in the 
middle of z axe) is shown in Fig. 5, in which an increase in the PGA but 
also the pipeline elastic modulus (from polyethylene to steel) leads to an 
increased tensile ring stresses. 
Fig. 6 depicts the maximum displacement u, v and w versus different 
u
(

















. (30)   
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PGA values, taking into account the constant values of Ep = 2e5 MPa and 
ρs = 7800 kg/m3, in this case the displacement values increase regarding 
the soil stiffness as well as the maximum acceleration. 
The main advantage of the PGD technique is the off-line approach 
that allows obtaining parametric solutions for the pipeline-soil model, 
considering all model parameters. As soon as these solutions are avail-
able, the results can be obtained by particularizing the parametric so-
lutions in an instantaneous manner (real time). The resulting problem is 
in a 8-dimensional space and the obtained parametric solution is able to 
described 2.2e18 possible scenarios. The memory required to store this 
solution is negligible with what would be required for an equivalent 8 
dimensional grid. 
8. Conclusions 
This paper proposes a new dynamic analysis for buried pipeline 
considering the nonlinear soil interaction. Model parameters have been 
considered as extra-coordinates for constructing very rich parametric 
solutions which can be used in real time. The numerical algorithm ca-
pabilities for computing a fine enough 3D solution is based on the use of 
in-plane-out-of-plane separated representations within the PGD tech-
nique, that permitted overcome the difficulties related to the large 
numbers of degrees of freedom of fully 3D mesh, reducing the problem 
to a 2D cost. This method can be used to identify suitable material 
combinations based on their potential stress reduction and 
displacements. 
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